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Introduction

SUFFICIENT conditions for the Liapunov stability of an
Earth pointing, gravity gradient stabilized, rigid satellite

are well known. Also, the effects of flexibility have been stud-
ied by numerous authors for a wide variety of configurations.
In an attempt to better understand the fundamental physics of
the effects of flexibility on the attitude stability of satellites,
guy-wire constraints can be used to isolate and study the
effects of various modes of appendage vibration on attitude
stability. As a typical example of guy-wire constrained ap-
pendages, this Note investigates the effect of torsional vibra-
tions of elastically supported solar panels on the attitude sta-
bility of Earth pointing, gravity gradient stabilized satellites.
By using Liapunov's direct method, a set of sufficient condi-
tions for stability are obtained involving the moments of iner-
tia of the satellite, the orbital speed, and the torsional stiffness
of the supporting shafts.

Problem Formulation
The satellite consists of a central body, of mass M (with

principal body axes i 9 j 9 k), and two rectangular panels, each
of mass m (with principal body axes i'i, j\9 k\ and /2, 72» ^2)*
supported by massless, elastic shafts. The panels are assumed
identical with width a, length b, and depth c, where a >c and
b >c. The shafts lie along they axis of the central body and
the panels are aligned so that they*! and7*2 axes lie along they
axis. The generalized coordinates used to describe the plane of
each panel relative to they, k plane are ai and «2. The panels
are attached so that ai = a2 = 7r/2 when the panels are not
vibrating. In this configuration, the /, j, k axes are principal
axes for the entire satellite, provided no vibrations occur. A
guy-wire system constrains the vibrations to a purely torsional
mode (see Fig. 1 for schematic diagram of satellite).

The center of mass of the satellite is assumed to move in a
circular orbit about a spherically symmetric planet. An equi-
librium position of the satellite is defined to be one in which it
is at rest with respect to a set of orbital axes a\9 a2, 03, which
are defined as follows: 1) the origin is at the center of mass of
the satellite, 2) a\ is in the radial direction, 3) a2 is tangent to
the orbit in the direction of motion, and 4) a3 is normal to the
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orbit plane. The axes i9j9k of the satellite are oriented relative
to the orbital axes by a 2-1-3 rotation sequence through 02, B\9
and \l/> respectively (see Ref. 1, p. 468). The B\ = 02 = ^ = 0
equilibrium position is the one studied in this paper.

Method of Analysis
There are many excellent references on the application of

Liapunov' s direct method. The approach adopted here is basi-
cally that found in Ref. 1. To apply Liapunov 's direct method
to our system, we must first construct a Liapunov function to
test for stability. The kinetic energy T can be written as T =
T0 + TI + r2, where T2 is a homogeneous quadratic function
in the generalized velocities, TI is a linear homogeneous func-
tion in the generalized velocities, and T0 is a non-negative
function of the generalized coordinates and time. By calculat-
ing the kinetic energy and the potential energy K, it can be
shown that the system is non-natural and that the Lagrangian
L - T— V does not depend explicitly on time. This implies
that the Hamiltonian H = T2- T0 + K is constant, i.e., dH/
dt = 0. Thus, the Hamiltonian is a possible Liapunov func-
tion. To use the Hamiltonian as a testing function, it is neces-
sary to determine under which conditions it is positive
definite. Since T2 is always positive definite, we only need to
study the positive definiteness of U = V - TQ. This is accom-
plished by constructing the Hessian matrix for U and using
Sylvester's criterion for determining positive definiteness.

Assuming that the largest satellite dimension is small com-
pared to the orbital radius, the total kinetic energy of the
satellite is

(Acu2
x + Bc<$ + Ccco2)

— uz sin«i)2 + (o)x cosa2 — coz sinc*2)2] Ap

+ Qfl)2 + (Wy + d2)2] Bp

+ (o)x sina2 + o>z cos«2)2] Cp

(1)

where

J . J P J 2

(depth of panel = c)

Fig. 1 Schematic diagram of satellite with guy wires attached.
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Apt Bpt Cp

= Qfas ~ #2 sin0i + ^

= - sin02 cos^ + cos02 sin0t sin\l/

= sin02 sin^ + cos02 sin0i cos^

= cos02 cos0i

= principal moments of inertia of each panel
about its principal body axes

AC, Bc, Cc = principal moments of inertia of the central
v body about its principal body axes

0 = orbital angular velocity

The potential energy consists of three parts: the potential
energy due to the gravity gradient torques on the entire satel-
lite, and the strain energies of the two panel-shaft systems.

Thus, the expression for potential energy is

V = ( - Q2/4)[(3lf1 - l)(Iyy + /« - /„)

- ?r/2)2 r/2)2

2L 2L (2)

where J is the polar moment of inertia of each supporting
shaft, G is the modulus of rigidity of each supporting shaft,
and Ixx , lyy , Izz j Ixy > Ixz » and lyz are tne instantaneous moments
of inertia of the entire satellite about the /, j , k axes and are
given by

COS2a2)

02 = ^ = o, «i = <*2 = 7T/2, which represent the equilibrium
point to be studied, the matrix has the form:

hn 0 0 0 0
0 H22 0 h24 h25
0 0 /*33 0 0
0 H42 0 /*44 0
0 h52 0 0 H55

2mt2]

where

hn = Q2[(CC - Bc) + 2(^

h22 = 402[(CC - ^c) + 2Mp - Cp)]

H24 = /r25 = /?42 = /?52 = 4Q2(^P - Cp)

H33 = 302[(5C - Ac) + 2(l?p - Cp) -

hM = h55 = 4&(AP - Cp)

Sylvester's criterion may be used to obtain the following set of
sufficient conditions for stability.

2) h22>0

3) /z33>0

4)

5)

(The computer program MACSYMA was used to perform the
preceding calculations . )

sin2a2)

yy

= Cc + 2m £2 -I- ^4p(sin2ai + sin2«2)

i + cos2a2)

sina2 cosa2)

In terms of 02, 0i, and \l/9

In = cos02 cos^ + sin02 sin0i si

fa = - cos02 sin^ + sin02 sin0j

£3i = sin02 cos0i

The function U = V - T0 can now be constructed from Eqs.
(1) and (2).

Stability Analysis
The Hessian matrix is a 5 x 5 matrix consisting of all of the

second-order partial derivatives of U with respect to the gener-
alized coordinates (i.e., HE = [d2U/dqntdqm], where q\ = 01$
#2 = 02»<?3 = ^,04 = oi^ and q$ = a2). For the values 0r =

Discussion of Results and Conclusions
The first result to note is that conditions 1 and 3 together

imply condition 2. Furthermore, under the assumption that
b>c, we have that Ap - Cp>0, so #44 >0, and condition 5
becomes

Therefore, we have that condition 5' implies condition 4.
Finally, we obtain a set of three sufficient conditions for
stability, namely,

I) (Cc - Bc) + 2(AP - Bp) + 2mt2>0

II) (Bc - Ac) + 2(BP - Cp) - 2mt2>Q

III) l(Cc - Ac) + 2(AP - CP)][4&(AP - Cp) + JG/L]

By defining «„ = (JG/LBp)l/2> 0 = (AP- CP)/BP, and Q =
(Ap - CP)/(AC - Cc), we can write condition III as

«n 73 >(2Q - 1)

where wn is the natural frequency of vibration for each panel
shaft system.
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Fig. 2 Full-field Liapunov stability boundary for b > c (i.e., thin
panels for which 0 ~ 1).

Conditions I and II do riot depend on the flexibility of the
satellite. Since the moments of inertia A, B, and C of the
entire undeformed satellite are defined as

, B=BC+2BPA =AC

we see that conditions I and II reduce to the requirement that
C >B >A , the stability conditions for a gravity gradient stabi-
lized rigid bddy discussed by DeBra and Delp.*

Condition III involves the flexibility of the satellite and III '
expresses this condition in terms of nondimensional parame-
ters. Note that p = (b2- c2)/(b2 + c2). Therefore, since b >c,
we have in general that 0 < $ < 1 . Also, for most panels b > c ,
so j8 « 1. Assuming that 0 = 1, it is useful to look at a plot of
the curve (co2/122) = 4/(2g - 1) since it gives the stability
boundary of condition HI' (Fig. 2). Since Ap - Cp >0, it can
be shown that conditions I and II imply Q > Vi or Q < 0 so the
domain of Q is ( - oo,0) U (1/2, oo). Note that for Q<0, the
quantity 40 /(2Q - 1) is negative in which case condition III'
is trivially satisfied.

As the plot in Fig. 2 shows, the critical parameter value is
Q = 1/2 since near this point the torsional stiffness becomes a
significant factor. It is interesting to note that Q = l/2 when
A=C. Since C>B>A, we have that Q**Vi implies
A « B * C. Thus, the region for which Q « 1A is near the
origin of the k\ — Jc2 DeBra-Delp graph.2 Recall that the gravity
gradient torque goes to zero at the origin of this graph. What
these results indicate is that the torsional stiffness plays an
increasingly significant role as the magnitude of the gravity
gradient torque vector approaches zero.

The fact that condition III 'is easily satisfied as long as Q is
not close to !/2, along with the fact that condition ill' is
automatically satisfied for all values of torsional stiffness if
Q <0, suggests that the use of guy wires to restrict vibrations
to purely torsional modes can significantly improve attitude
stability.
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Introduction

T HE main challenge in applying adaptive identification
and control techniques to flexible structures arises from

model order selection. Since the effective order of such sys-
tems varies with the number of substantially excited modes,
the order of the algorithm cannot be fixed a priori. In the case
of large space structures, maneuvers such as docking or on-or-
bit assembly may excite different sets of structural modes
causing the system to be time varying as well as order varying.
Knowledge of the system order (or maximum order) is typi-
cally needed for most identification and control methods. The
lattice filter, recursive in time and order, does not require the
model's order to be fixed a priori. This order-recursive pro-
perty can be used to identify the system order on-line and to
update the order of the parameter estimator for identification
or control purposes.

The vector-channel lattice filters used here are based on the
derivation in Ref. 1, where simulation results were presented
for a hub-flexible beam. Also* in Ref. 2, vector-channel lattice
filters were used to identify the natural frequencies of the
NASA-Langley grid structure. The syste% in Ref. 2 was a
high-order single-input/single-output (SISO) system with only
slight variations in parameters (see Ref. 2 for further details).
A somewhat similar approach was taken in Refs. 5 and 6 for
the identification of flexible systems where order-recursive
methods were used to obtain some of the results. Here, the
lattice filter is solely used to identify an experimental truss
structure (Fig. 1), which is a flexible multi-input/multi-output
(MIMO) system. Previous experimentation on the truss3 has
shown its fundamental mode of vibration at 0.68 Hz and its
20th mode at 45 Hz. Preliminary results with comparisons to
other identification methods were presented in Ref. 4. Here,
the on-line identification of the structure's low-frequency dy-
namics using vector-channel lattice filters is considered for
two important cases: 1) time-varying, in which the system
undergoes a sudden variation in characteristics with a corre-
sponding change in effective order; and 2) multi-input, in
which the structure is excited simultaneously with all of its
actuators (a total of four inputs). The vector-channel lattice
filter is shown to perform well in Both of these instances.

Problem Statement
The damped structural system's forced response is modeled

by a finite-order differential equation of the following form:

MX + Dx + Kx = Bu (1)

where x is the n x 1 generalized displacement vector, and u is
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